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The loop homology algebra of discrete torsion
Yasuhiko Asao
Abstract
We show that Lupercio-Uribe-Xicote´ncatl’s orbifold loop product and
coproduct can be described by a group cohomology class in some cases. By
computing this cohomology class, we show that in some cases the orbifold
loop product is trivial.
1 Introduction
Let M be a closed oriented manifold. In their seminal work [5], Chas-Sullivan
show that there exist a graded commutative associative product structure on the
free loop space homology:
Hp(LM;Z) ⊗ Hq(LM;Z) → Hp+q−dim M(LM;Z). (1.1)
This product is called the loop product and plays a central role in many consider-
able works on rich algebraic structures on H∗(LM;Z), so called String topology.
These study have uncovered a deep relationship with many areas of mathemat-
ics including Riemannian geometry, low dimensional topology, and mathematical
physics. To develop string topology for orbifolds is thus of great worth and is one
of the significant problem in algebraic topology. Let G be a finite group acting
smoothly on M. It is well known that the homotopy type of the Borel construction
MG := M ×G EG is an orbifold invariant of the global quotient orbifold [M/G].
In [10] Lupercio-Uribe-Xicote´ncatl show that there exist a graded commutative
associative product structure, named the orbifold loop product:
Hp(LMG; k) ⊗ Hq(LMG; k) → Hp+q−dim M(LMG; k), (1.2)
for all coefficient fields k satisfying that its characteristic is coprime to the order of
G. They also constructed some rich algebraic structures analogous to string topol-
ogy, and they coined Orbifold string topology for the study of these structures.
When the action of G on M is free, it is known that MG is homotopy equivalent
to the naive quotient M/G. Then the all algebraic structures under consideration
coincide with the counterpart in ordinary string topology. Similar to the ordinary
case, the orbifold loop product plays a central role in orbifold string topology.
Furthermore, it is shown in [10] that the orbifold loop product is an orbifold in-
variant of [M/G]. Hence we can expect the orbifold loop homology H∗(LMG; k)
to be a strong tool to study orbifolds as well as the other cohomology theories for
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orbifolds like Chen-Ruan cohomology and stringy theory which are in progress by
many authors ([1]). However, it is hard to check whether the orbfold loop product
is indeed a non-trivial invariant. In the same paper, Lupercio-Uribe-Xicote´ncatl
computes this product structure for lens spaces. In [2] the author hiself refined
their method and computed the product structure for a wide class of orbifolds.
Their computation show that the orbifold loop product has no information on the
action of G on M for the orbifolds they considered, because the loop homology
H∗(LMG; k) turns out to split as an algebra into the tensor product of the ordinary
loop homology H∗(LM; k) with the center of group ring Z(k[G]).
In this article, we describe the algebra structure of H∗(LMG; k) as an alge-
bra over the ordinary loop homology ring H∗(LM; k) for some kinds of orbifolds
including those which is under consideration in [2]. Then it turns out that the
orbifold loop product is trivial in same cases. We also determine the coalgebra
structure of H∗(LMG; k) for these orbifolds, which is defined in [8]. In [8], they
show that this coalgebra structure is compatible with the orbifold loop product
and these forms a nearly Frobenius algebra, namely a two dimensional topolog-
ical quantum field theory without the counit. In our case, the resulting nearly
Frobenius algebra is a variation of the algebra of discrete torsion which is studied
pure algebraically by R. Kauffmann in [9].
Now we state our main results. The first part reveal the linear strucutre of
H∗(LMG; k) under some conditions on the action of G. We assume that the ac-
tion of G on M is homotopically trivial in the meaning that each g ∈ G is ho-
motopic to the identity map idM. We identify G with its image in aut1M, the
identity component of the self-mapping space of M. If g ∈ G is homotopic to
the identity map by a homotopy Hg : X × [0, 1] → M with

H(m, 0) = x
H(m, 1) = g(m)
,
we have a homotopy equivalence map τHg : PgM → LM defined as τHg(σ)(t) =
σ(2t) (0 ≤ t ≤ 1/2)
Hg(σ(0), 2 − 2t) (1/2 ≤ t ≤ 1)
. Its homotopy inverse map ηHg is defined as
ηHg(l)(t) =

l(2t) (0 ≤ t ≤ 1/2)
Hg(l(1), 2t − 1) (1/2 ≤ t ≤ 1)
. We set τHG :=
∐
g∈G τHg . We remark
that a homotopy Hg : M × [0, 1] → M can be seen as a path in aut1M which
connects the identity map and g. We denote the order of a group K by |K|, and
the subgroup of torsion elements in K by Ktor . We use the notation Z(A) for the
center of an algebra A. The following is stated as Theorem 3.2 in this article.
Theorem. If there exists a sub H-space S of aut1M containing G and satisfying
(A) S is path-connected,
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(B) |G| and |(π1S )
tor | are coprime,
then threre is a path family θG = {θg : [0, 1] → S }g∈G with

θg(0) = id
θg(1) = g
, such
that the associated homotopy equivalence
τθG : PG M ≃ LM × G, (1.3)
is G- equivariant up to homotopy. Here, the action of G on the RHS above is
defined by (l, g) · h = (lh, h−1gh).
From the above theorem, we can deduce the following which is stated as The-
orem 3.2.
Theorem. Let k be a field whose characteristic is coprime to |G|. The homotopy
equivalence τθG above induces a homology group isomorphism
ΘG : H∗(LMG; k)  H∗(LM; k) ⊗ Z(k[G]). (1.4)
Next we describe the algebra and the coalgebra structures on (1.4). Let [M]
be the fundamental class of M. For every field k, we have a map ϕk : π1S →
Hdim M(LM; k) defined by ϕk[l] = l∗[M], here we consider l ∈ π1S as a map M →
LM. We set Pk := ϕ
−1
k
(c∗[M]), where c denotes the map assigning constant loops
M → LM. We can easily see that Pk is a subgroup of π1S . The following is stated
as Proposition 4.1 and Proposition 4.2 in this article.
Theorem. The linear isomorphism ΘG : H∗(LMG; k)  H∗(LM; k) ⊗ Z(k[G]) is
an algebra isomorphism, where the product structure of the right hand side is
described by a cocycle cθG ∈ Z
2(G; π1S/Pk) as
(x ⊗ g) ◦cθG (y ⊗ h) = x ◦ y ◦ cθG (g, h) ⊗ gh. (1.5)
Theorem. The cohmology class [cθG ] ∈ H
2(G; π1S/Pk) dose not depend on the
choice of the path family θG. Furthermore, if two cocycles c and c
′ are coho-
mologous each other, then the corresponding algebras H∗(LM; k) ⊗c Z(k[G]) and
H∗(LM; k) ⊗c′ Z(k[G]) are isomorphic.
The similar statements for the coproduct structure also holds. We have the
followings which is stated as Proposition 4.3 and Proposition 4.4 in this article.
Theorem. The linear isomorphism ΘG : H∗(LMG; k)  H∗(LM; k) ⊗ Z(k[G]) is
a coalgebra isomorphism, where the coproduct structure of the right hand side is
described by the cocycle cθG ∈ Z
2(G; π1S/Pk) as
δcθG (x ⊗ g) =
∑
k∈G
δ(xc−1θG (gk, k
−1)) ⊗ (gk ⊗ k−1). (1.6)
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Theorem. If two cocycles c andc′ are cohomologous each other, then the corre-
sponding coalgebras H∗(LM; k)⊗c Z(k[G]) and H∗(LM; k)⊗c′ Z(k[G]) are isomor-
phic.
This artcile is organized as follows. We briefly review the orbifold string
topology in section 2. In section 3, we study the certain path space defined by
Lupercio-Uribe as loop groupoid in [10], and reveal the linear structure of homol-
ogy of LMG. In section 4, we study the loop product and coproduct by chacing
the diagram of loop groupoids, and determine the algebra and coalgebra structure
on the homology studied in Section 3. Finally, in Section 5, we compute the loop
homology algebra for some global quotient orbifolds and see that they are trivial.
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2 Preliminaries on orbifold string topology
In this section, we briefly review about the fundamental notions in the theory of
orbifold string topology. We recommend the reader to refer [10] and [8] for the
detail.
String topology
Let M be a closed oriented manifold. We use the notation LM := C0(S 1, M).
In [5], Chas-Sullivan constructed an associative graded commutative product on
the homology of LM, which is called loop product. In [3], Cohen-Godin con-
structed the coproduct structure and showed that these makes H∗(LM;Z) a 2d-
TQFT without counit. These structures have many deep interaction with the other
area of mathematics.
Orbifold loop product
In [10], Lupercio-Uribe-Xicote´ncatl constructed an analogous product for orb-
ifolds so that it coincides with the original one when the target orbifold is just a
manifold. We explain the construction of this product. Let G be a finite group
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acting smoothly on a M. Let PgM be the space {σ : [0, 1] → M | σ(1) =
σ(0)g}, and we set PG M :=
∐
g∈G PgM. There is a G action on PG M defined
as σ · h := σh ∈ Ph−1ghM for every σ ∈ PgM and h ∈ G. These spaces
are defined in [10] as the loop groupoid. In [10], they prove the weak homo-
topy equivalence L(M ×G EG) ≃ PG M ×G EG, whence we have an isomorphism
H∗(L(M ×G EG))  H∗(PG M ×G EG) by Whitehead theorem. When the charac-
teristic of the coefficient field k is coprime to the group order |G|, the homology
group H∗(PG M×G EG; k) can be viewed as a subspace of H∗(PG M; k) via the cov-
ering transfer map. We fix such a field k. We construct the orbifold loop product
◦ : H∗(L(X×G EG); k)⊗H∗(L(X×G EG); k) → H∗−dim M(L(X×G EG); k) as follows.
For every g, h ∈ G, we consider the following pullback diagram
PgM ×M PhM
∆˜ //

PgM × PhM
ε1×ε0

M
∆ // M × M,
(2.1)
where ∆ denotes the diagonal embbeding, and εt denotes the evaluation map with
εt(σ) = σ(t). The map ∆˜ is a codimension d embedding and we have an umkehr
map ∆˜! : H∗(PgM×Ph M) → H∗−dim M(PgM×M PhM) by composing the Pontrjagin-
Thom map and the Thom isomorphism. We define the homomorphims •g,h by the
sequence
•g,h : Hp(PgM; k) ⊗ Hq(PhM; k)
×
−→ Hp+q(PgM × PhM; k)
∆˜!
−→
Hp+q−dim M((PgM ×M PhM; k)
γ∗
−→ Hp+q−dim M(Pgh M; k).
(2.2)
Here, γ denotes the concatenatingmap PgM×MPhM → PghM defined by γ(σg, σh) =
σg ∗ σh :=

σg(2t) (0 ≤ t ≤ 1/2)
σh(2t − 1) (1/2 ≤ t ≤ 1)
. By taking summation over g, h ∈ G, we
obtain the homomorphism
• := ⊕g,h∈G•g,h : Hp(PG M; k) ⊗ Hq(PG M; k) −→ Hp+q−dim M(PG M; k). (2.3)
The orbifold loop product
◦ : Hp(PG M×G EG; k)⊗Hq(PG M×G EG; k) −→ Hp+q−dim M(PG M×G EG; k), (2.4)
is defined as the restriction homomorphism of •. It is shown that the obtained orb-
ifold loop product is an orbifold invariant of the global quotient orbifold [M/G].
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Orbifold loop coproduct
Similar to the product, we define the orbifold loop coproduct δ as follows. We set
PghM 1
2
= {σ ∈ PghM | σ(1/2) = σ(0)g} . For every g, h ∈ G, we consider the
following pullback diagram
PghM 1
2
∆˜ //

PghM
(ε1 ,ε0g)

M
∆ // M × M.
(2.5)
We define the homomorphims ♭g,h by the sequence
H∗(PghM; k)
∆˜!
−→ H∗−dim M(PghM 1
2
; k)
λ
−→ H∗−dim M(PgM ×M PhM; k)
i∗
−→ H∗−dim M(PgM × PhM; k) 
⊕
p+q=∗−dim M
Hp(PgM; k) ⊗ Hq(PhM; k),
(2.6)
here λ is defined by λ(σ)(s, t) = (σ(1
2
s), σ(1
2
+ 1
2
t)), and i denotes the inclusion
map. By taking summation over g, h ∈ G, we obtain the homomorphism ♭ defined
by
♭ |H∗(PlM;k):= ⊕l=gh♭g,h : H∗(PlM; k) −→
⊕
p+q=∗−dim M
Hp(PG M; k) ⊗ Hq(PG M; k).
(2.7)
When the coefficient field k has the characteristic coprime to |G|, the orbifold loop
coproduct δ is defined to be the restriction of ♭ to theG-invariant part H∗(PG M; k)
G.
TQFT structure
It is shown in [8] that the orbifold loop product and coproduct defined as above
makes the homology H∗(L(M ×G EG); k) a (1 + 1)-dimensional topological quan-
tum field theory with positive boundaries, i.e. they enjoy the associativity, the
coassociativity, the Frobenius relation, and the other compatibility conditions ex-
ept for the existence of the counit. See [8] for the proof.
3 The linear structure
Let G be a finite group acting on a topological space X. If g ∈ G is homotopic
to the identity map by a homotopy Hg : X × [0, 1] → X with

H(x, 0) = x
H(x, 1) = g(x)
,
we have a homotopy equivalence map τHg : PgX → LX defined as τHg(σ)(t) =
6

σ(2t) (0 ≤ t ≤ 1/2)
Hg(σ(0), 2 − 2t) (1/2 ≤ t ≤ 1)
. Its homotopy inverse map ηHg is defined as
ηHg(l)(t) =

l(2t) (0 ≤ t ≤ 1/2)
Hg(l(1), 2t − 1) (1/2 ≤ t ≤ 1)
. We set τHG :=
∐
g∈G τHg . We remark
that a homotopy Hg : X × [0, 1] → X can be seen as a path in aut1(X) which
connects the identity map and g.
Proposition 3.1. LetG be a finite group acting on X homotopically trivially, hence
G can be viewed as a subspace of aut1X. We denote the order of a group K by |K|,
and the subgroup of torsion elements in K by Ktor . If there exists a sub H-space S
of aut1X containing G and satisfying
(A) S is path-connected,
(B) |G| and |(π1S )
tor | are coprime,
then threre is a path family θG = {θg : [0, 1] → S }g∈G with

θg(0) = id
θg(1) = g
, such
that the associated homotopy equivalence
τθG : PGX ≃ LX ×G, (3.1)
is G- equivariant up to homotopy. Here, the action of G on the RHS above is
defined by (l, g) · h = (lh, h−1gh).
Proof. We show that we can choose a family of paths {θg : [0, 1] → S }g∈G such
that

θg(0) = id
θg(1) = g
, and h−1θgh is homotopic to θh−1gh relative to endpoints for each
g, h ∈ G. Then the map τθG will be the desired one. To prove this, it is sufficient
to show that h−1θgh is homotopic to θg relative to endpoints for each g ∈ G and
h ∈ C(g), the center of g. Let Γh : S → S be the map defined by conjugation
by h ∈ G. If we take the identity map as the base point of S , then Γh is a based
map and induces an identity on π1S by the assumption (A). On the other hand, we
can easily see that Γh(θg ∗ (h
−1θgh)
−1) = (h−1θgh) ∗ (h
−2θgh
2). Here we denote by
(h−1θgh)
−1 the inverse trajectory of the path h−1θgh. Hence we obtain
2[θg ∗ (h
−1θgh)
−1] = [θg ∗ (h
−1θgh)
−1] + Γh∗[θg ∗ (h
−1θgh)
−1]
= [θg ∗ (h
−1θgh)
−1] + [(h−1θgh) ∗ (h
−2θgh
2)]
= [θg ∗ (h
−2θgh
2)−1]
(3.2)
in π1S . By repeating this, we obtain n[θg ∗ (h
−1θgh)
−1] = [θg ∗ (h
−nθgh
n)−1] for
every positive integer n. Since G is a finite group, we have N[θg ∗ (h
−1θgh)
−1] =
7
[θg ∗ (θg)
−1] = 0 for some N, from which we deduce [θg ∗ (h
−1θgh)
−1] = 0 because
of the assumption (B). Hence we obtain h−1θgh ≃ θg relative to endpoints. 
The following can be deduced from Proposition 3.1 and an easy application of
the covering transfer map.
Theorem 3.2. Let k be a field whose characteristic is coprime to |G|. Under the
assumption of Proposition 3.1, the homotopy equivalence τθG in Proposition 3.1
induces a homology group isomorphism
H∗(LMG; k)  H∗(LM; k) ⊗ Z(k[G]), (3.3)
where Z(−) denotes the center of an algebra.
Proof. Since the space LMG is homotopy equivalent to the Borel construction
PG M ×G EG, we consider the homology H∗(PG M ×G EG; k), which is isomorphic
to theG-invariant space H∗(PG M; k)
G by the covering transfer. Then the homotopy
equivalence PG M ≃ LM ×G obtained in Proposition 3.1 induces an isomorphism
H∗(PG M; k)
G
 H∗(LM × G; k)
G since it is G-equivariant up to homotopy. Since
G acts on LM homotopically trivially, we obtain H∗(LM × G; k)
G
 H∗(LM; k) ⊗
H∗(G; k)
G by the Ku¨nneth formula. Finally, we can deduce H∗(G; k)
G = Z(k[G])
by a calculation. 
4 The loop product and the coproduct structure
In this section, we consider a closed oriented manifold M, and assume that G acts
smoothly on M. We further assume that the action of G is homotopically trivial,
and there exists a path-connected sub H-space S of aut1M containing G such that
|G| and |(π1S )
tor | are coprime. Let [M] be the fundamental class of M. For every
field k, we have a map ϕk : π1S → Hdim M(LM; k) defined by ϕk[l] = l∗[M], here
we consider l ∈ π1S as a map M → LM. We set Pk := ϕ
−1
k
(c∗[M]), where c
denotes the map assigning constant loops M → LM. We can easily see that Pk is
a subgroup of π1S .
Proposition 4.1. The linear isomorphism τθG : H∗(LMG; k)  H∗(LM; k)⊗Z(k[G])
in Proposition 3.1 is an algebra isomorphism, where the product structure of the
right hand side is described by a cocycle c ∈ Z2(G; π1S/Pk) as
(x ⊗ g) ◦c (y ⊗ h) = x ◦ y ◦ c(g, h) ⊗ gh. (4.1)
Proof. We define a 2-cocycle c ∈ Z2(G; π1S/Pk) by c(g, h) := [θh ∗ θgh ∗ θ
−1
gh
] ∈
π1S/Pk. It is easily checked that dc = 0. By taking the homology of the following
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homotopy commutative diagram
LM LM
◦c(g,h)
oo LM ×M LMγ∗
oo
PghM
τgh∗
cc❋❋❋❋❋❋❋❋❋
PgM ×M PhM,
(τg×Mτh)∗
OO
γ∗
oo
(4.2)
we obtain (x ⊗ g) ◦ (y ⊗ h) = x ◦ y ◦ c(g, h) ⊗ gh. 
The following proposition implies that the ambiguity of the choice of the path
family θG so far does not effect when considering the isomorphism class of al-
gebra. We denote the algebra described by a cocycle c as in Proposition 4.1 by
H∗(LM; k) ⊗c Z(k[G]).
Proposition 4.2. If θG and θ
′
G are path families satisfying the assumption of Propo-
sition 3.1, then the corresponding 2-cocycles c and c′ are cohomologous each
other. Furthermore, if two cocycles c and c′ are cohomologous each other, then
the corresponding algebras H∗(LM; k) ⊗c Z(k[G]) and H∗(LM; k) ⊗c′ Z(k[G]) are
isomorphic.
Proof. By setting ξ(g) = θg∗θ
′−1
g , we obtain c = cdξ, which shows the former part.
If two cocycles c, c′ ∈ Z2(G; π1S/Pk) are cohomologous, there exists a function
ξ : G → π1S/Pk such that c = c
′dξ. Then the map Fξ : H∗(LM; k) ⊗c Z(k[G]) →
H∗(LM; k) ⊗c′ Z(k[G]) defined by Fξ(x ⊗ g) = ξ(g)x ⊗ g is a well-defined alge-
bra homorphism because Fξ((x ⊗ g) ◦c (y ⊗ h)) = Fξ(xyc
′(g, h)dξ(g, h) ⊗ gh) =
xyc′(g, h)ξ(g)ξ(h)⊗ gh = (xξ(g)⊗ g) ◦c′ (yξ(h)⊗ h) = Fξ(x⊗ g) ◦c′ Fξ(y⊗ h). This
map is apparently an isomorphism. 
Next we consider the coproduct structure. The similar arguments work as in
the case of the products.
Proposition 4.3. The linear isomorphism τθG : H∗(LMG; k)  H∗(LM; k)⊗Z(k[G])
in Proposition 3.1 is a coalgebra isomorphism, where the coproduct structure of
the right hand side is described by a cocycle c ∈ Z2(G; π1S/Pk) as
δc(x ⊗ g) =
∑
k∈G
δ(xc−1(gk, k−1)) ⊗ (gk ⊗ k−1). (4.3)
Proof. Since τθgh ≃ (◦c(g, h)) ◦ (τθg∗θh), this follows from the following commuta-
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tive diagram.
LM 3
8
//
ww
LM
(ε0, ε 3
8
)
xx
LM ×M LM LM 3
4
//
||
OO✤
✤
✤
oo LM
◦c(g,h)
OO
(ε0, ε 3
4
)
}}
PgM ×M PhM
τθg×Mτθh
OO
PghM 1
2
OO✤
✤
✤
//

oo PghM
τθg∗θh
OO
(ε 1
2
, ε0g)

M
∆ // M × M.
(4.4)

Proposition 4.4. If two cocycles c andc′ are cohomologous each other, then the
corresponding coalgebras H∗(LM; k) ⊗c Z(k[G]) and H∗(LM; k) ⊗c′ Z(k[G]) are
isomorphic.
To prove this, we use the following lemma.
Lemma 4.5. For every x, y, z ∈ H∗(LM;Z), δ(x) is of the form δ1(x) ⊗ δ2(x), and
we have δ(x ◦ y ◦ z) = δ1(x) ◦ y ⊗ δ2(x) ◦ z.
Proof. According to [7], we have a formula δ(x◦y◦ z) = χ(M)[c0]◦ x⊗ [c0]◦y◦ z,
where [c0] denotes the constant loop at the base point, and χ(M) denotes the Euler
characterisitic of M. Hence we have δ1(x) ◦ y ⊗ δ2(x) ◦ z = χ(M)x ◦ y ⊗ z =
δ(x ◦ y ◦ z). 
Proof. If two cocycles c, c′ ∈ Z2(G; π1S/Pk) are cohomologous, then there exists
a function ξ : G → π1S/Pk such that c = c
′dξ. Then the map Fξ : H∗(LM; k) ⊗c
Z(k[G]) → H∗(LM; k)⊗c′ Z(k[G]) defined by Fξ(x⊗g) = ξ(g)x⊗g is a well-defined
coalgebra homomorphism because we have
δc′ ◦ Fξ(x ⊗ g) = δc′(xξ(g) ⊗ g)
=
∑
k∈G
δ(xξ(g)c′−1(gk, k−1)) ⊗ (gk ⊗ k−1)
=
∑
k∈G
δ(xξ(gk)ξ(k−1)c−1(gk, k−1)) ⊗ (gk ⊗ k−1)
=
∑
k∈G
(δ1(xc
−1(gk, k−1))ξ(gk) ⊗ gk) ⊗ (δ2(xc
−1(gk, k−1))ξ(k−1) ⊗ k−1)
= Fξ ⊗ Fξ(δc(x ⊗ g)).
(4.5)
Here, we use Lemma 4.5 for the fourth equality. This map is apparently an iso-
morphism. 
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5 Orbifold loop product is a non-trivial orbifold in-
variant.
In [10] and [2] they and the author hiself compute the orbifold loop product for
some global quotient orbifolds including lens spaces. However, it results in that
the orbifold loop product computed by them has no information on the action of
groups on manifolds. This is because the loop homology H∗(LMG; k) splits into
the tensor productH∗(LM; k)⊗Z(k[G]) as an algebra for the orbifolds [M/G] under
their consideration. Here, we use the notation H∗ := H∗+dim M. In this section we
compute the loop homology algebra structure by computing the cohomology class
c ∈ H2(G; π1S/Pk) for some global quotient orbifolds. Consequently, we show
that some of them have non-trivial information of the group action. Although we
only consider the algebra structure in this section, the we can also determine the
coalgebra structure in the similar way.
The quotiented circle [S 1/Cn]
We first consider the orbifold [S 1/Cn], where Cn denotes the cyclic group of order
n acting on S 1 ⊂ C by clockwise rotation. It is known by [4] that the loop homol-
ogy of the circle is isomorphic to Λ(a) ⊗ Z[t, t−1] as algebra, where Λ denotes the
exterior algebra and we set deg a = deg t = 0. The tensor product is always taken
over a field k in the following arguments.
Proposition 5.1. Let Cn = 〈g〉 be the cyclic group in the above, and k be a field
whose characteristic is coprime to n. Then we have an algebra isomorphism
H∗(L[S
1/Cn]; k)  H∗(LS
1; k) ⊗ k[Cn], (5.1)
where the product structure on the RHS is defined by
(x ⊗ gi) ◦ (y ⊗ g j) = xy ⊗ gi+ j, (5.2)
for every x, y ∈ H∗(LCP
l; k) and 0 ≤ i, j < n.
Proof. The isomorphism as vector spaces follows from Proposition 3.1 and The-
orem 3.2 since π1S
1 = Z. It is easy to check that the homomorphism ϕk : π1S
1 →
H1(LS
1; k) sends the generator of π1S
1 to 1⊗ 1 ∈ H1(LS
1; k). Henceπ1S
1/Pk = 1.
As in the proof of Proposition 4.1, we define a cocycle c ∈ Z2(Cn; π1S
1/Pk) by
c(gi, g j) := [θg j ∗ θgig
j ∗ θ−1
gi+ j
], where θgi denotes the clockwise shortest geodesic in
S 1 connecting 1 and gi. Then c(gi, g j) = 1 for 0 ≤ i, j < n. Hence the isomorphism
(5.1) follows from Proposition 4.1. 
Remark 5.2. The cocycle c in the above determines a generator of H2(Cn;Z) 
Z/nZ.
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The quotiented projective space [CPl/G]
Next we consider the orbifold [CPl/G], whereG denotes the finite subgroup of the
unitary group U(l + 1) acting on the complex projective space CPl in the obvious
manner. It is known by [4] that H2l(LCP
l;Z)  Z⊕Z/(l+1)Z = E∞
2l,0⊕E
∞
0,2l, where
E∞
2l,0 and E
∞
0,2l denotes the infinity term of the homology Serre spectral sequence
for the fibration ΩCPl
i
−→ LCPl
p
−→ CPl. By the standard argument, we deduce that
the map i and p induces a surjection i∗ : H2l(ΩCP
l;Z) → E∞
0,2l and an isomorphism
p∗ : E
∞
2l,0 → H2l(CP
l;Z), and we have a homotopy equibvalence ΩCPl ≃ S 1 ×
ΩS 2l+1 by which we obtain H2l(CP
l;Z)  H2l(ΩS
2l+1;Z)  Z.
Proposition 5.3. Let k be a field whose characteristic is coprime to |G|. As vector
spaces, we have an isomorphism
H∗(L[CP
l/G]; k)  H∗(LCP
l; k) ⊗ Z(k[G]). (5.3)
Proof. This immedeately follows from Proposition 3.1, Theorem 3.2, and the fact
π1U(l + 1)  Z. 
Let const : H2l(CP
l) → H2l(LCP
l) be the map assigning constant loops.
Let [CPl] be the fundamental class of CPl. We use the abbreviation [CPl] =
const∗[CP
l] ∈ H2l(LCP
l). This is the unit element of H∗(LCP
l; k). We fix a gener-
ator of second term of H2l(LCP
l; k)  k ⊕ k ⊗Z Z/(l + 1)Z, denoted by εk. Hence
[CPl] and εk are additive generators of H2l(LCP
l; k). For a reason of the degree,
we have ε2
k
= 0. Hence the set Uk := {[CP
l] + iεk | 0 ≤ i ≤ l} forms the cyclic
group of order (ch k, l + 1) by the loop product. We denote the characteristic of a
field k by ch k here and in the below.
Proposition 5.4. Let Cn = 〈g〉 be a finite cyclic subgroup of U(l + 1), and k be a
field with (ch k, n) = 1 and (ch k, l+1) > 1. Then we have an algebra isomorphism
H∗(L[CP
l/Cn]; k)  H∗(LCP
l; k) ⊗ k[Cn], (5.4)
where the product structure on the RHS is defined by
(x ⊗ gi) ◦ (y ⊗ g j) =

xy ⊗ gi+ j (i + j < n)
xy([CPl] + εk) ⊗ g
i+ j (i + j ≥ n)
, (5.5)
for every x, y ∈ H∗(LCP
l; k) and 0 ≤ i, j < n. This algebra is isomorphic to the
tensor product of algebras H∗(LCP
l; k) ⊗ k[Cn].
Proof. The additive isomorphism follows by the previous proposition. To prove
the algebra part, we use the following lemma which we prove later.
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Lemma 5.5. The image of the homomorphism ϕk : π1U(l + 1) → H2l(LCP
l; k) is
Uk. Hence π1U(l + 1)/Pk  Uk.
We can assume that the 1-torus in U(l + 1) containing Cn hits [CP
l] + εk by ϕk
as an element of π1U(l + 1). Hence the cocycle c ∈ Z
2(Cn; π1U(l + 1)/Pk) defined
by c(gi, g j) := [θg j ∗θgig
j ∗θ−1
gi+ j
], where θgi denotes the clockwise shortest geodesic
in U(l + 1) (hence in the 1-torus above) connecting 1 and gi, is actually of the
form c(gi, g j) =

[CPl] i + j < n
[CPl] + εk i + j ≥ n
for 0 ≤ i, j < n. Then the isomorphism
(5.4) follows from Proposition 4.1. The projection Z → Z/(ch k, l + 1)Z induces
a surjection H2(Cn;Z) → H
2(Cn;Z/(ch k, l + 1)Z)  0. Hence the isomorphism
part is proved. 
Proof of Lemma 5.5 . Let F be the space { f : CPl → CPl | f |CPl−1 = ι}, where
ι : CPl−1 → CPl is the natural inclusion. It is known by Sasao [6] that F is ho-
motopy equivalent to Ω2lCPl. We define the map a∗ : π1aut1(CP
l) → [CPl, LCPl]
by adjoint of maps. We also define a map π1Map∗(CP
l,CPl) → [CPl, LCPl] by
adjoint, and also denote it by a∗. Since the homomorphism π1Map∗(CP
l,CPl) →
π1aut1(CP
l) induced from the inclusion is surjective, the images of both a∗ coin-
cides. We have a map p : CPl → CPl ∨ S 2l defined by “ pinching ” the 2l-cell
of CPl. For g ∈ Ω2lLCPl, we can define a map (c ∨ g) ◦ p : CPl → LCPl, where
c : CPl → CPl is the map assigning constant loops. Then we have the following
commutative diagram
H2l(ΩCP
l)
i∗ // H2l(LCP
l)
+[CPl] // H2l(LCP
l)
π2lΩCP
l i∗ //
H
OO
π2lLCP
l
H
OO
(c∨g)◦p // [CPl, LCPl]
OO
π1Ω
2lCPl
≃

π1F // π1Map∗(CP
l,CPl) //
a∗
<<②②②②②②②②②②②②②②②②②②②②②
π1aut1(CP
l),
a∗
OO
ϕk
aa (5.6)
whereH denotes the Hurewicz map, the map [CPl, LCPl] → H2l(LCP
l) is defined
by f 7→ f∗[CP
l], and the homomorphism π1F → π1Map∗(CP
l,CPl) is induced
from the inclusion. We note that F is the fiber of the fibration Map∗(CP
l,CPl) →
Map∗(CP
l−1,CPl). Since we have π1Map∗(CP
l−1,CPl) = [CPl−1,ΩCPl]∗ = [CP
l−1, S 1×
ΩS 2l+1]∗ = [S
1∧CPl−1, S 2l+1]∗ = {∗}, the homomorphism π1F → π1Map∗(CP
l,CPl)
is surjective. Furthermore, the following commutative diagram shows that the
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Hurewicz map π2lΩCP
l → H2l(ΩCP
l) is an isomorphism. Thus the statement fol-
lows from the fact that the homomorphism i∗ : H2l(ΩCP
l;Z) → E∞
0,2l is surjective.
H2l(ΩCP
l)
∼ // H2l(S
1 ×ΩS 2l+1)
∼
pr∗
// H2l(ΩS
2l+1)
π2lΩCP
l ∼ //
H
OO
π2l(S
1 ×ΩS 2l+1)
∼
pr∗
// π2lΩS
2l+1.
H ≃
OO (5.7)

Two dimensional spherical orbifolds
We consider spherical orbifolds [S 2/G] forG being a finite subgroup of SO(3) act-
ing on S 2 by isometry. Since H2(LS
2;Z) is isomorphic to Z⊕Z/2Z, H2(LS
2; k) 
k (ch k, 2) = 1
k ⊕ k (ch k, 2) > 1
. In [2], we show thatH∗(L[S
2/G]; k) splits intoH∗(LS
2; k)⊗
Z(k[G]) as an algebra when (ch k, 2) = 1 and (ch k, |G|) = 1. By using our
new method, we show the same splitting formula in the other case, namely when
(ch k, 2) > 1 and (ch k, |G|) = 1.
Proposition 5.6. For every two dimensional spherical orbifolds [S 2/G], its loop
homology H∗(L[S
2/G]; k) splits into H∗(LS
2; k) ⊗ Z(k[G]) whenever (ch k, |G|) =
1.
Proof. We only have to consider the case that ch k is even and |G| is odd as men-
tioned above. Since |π1SO(3)| = 2, it splits as vector a space by Proposition
3.1. Furthermore, the group cohomology H2(G; A) vanishes whenever |A| is even,
hence it splits as an algebra by Proposition 4.1 and Proposition 4.2. 
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